In this paper, we explore the interior dynamics of neutral and charged black holes. Scalar collapses in flat, Schwarzschild, and Reissner-Nordström geometries are simulated. We examine the dynamics in the vicinities of the central singularity of a Schwarzschild black hole and of the inner horizon of a Reissner-Nordström black hole. In simulating scalar collapses in Schwarzschild and ReissnerNordström geometries, Kruskal and Kruskal-like coordinates are used, respectively, with the presence of a scalar field being taken into account. It is found that, besides near the inner horizons of ReissnerNordström and Kerr black holes, mass inflation also takes place near the central singularity in neutral scalar collapse. Approximate analytic expressions for different types of mass inflation are partially obtained via a close interplay between numerical and analytical approaches and an examination of the connections between Schwarzschild black holes, Reissner-Nordström black holes, neutral collapse, and charge scattering. We argue that the mass inflations near the central singularity and the inner horizon are related to the localness of the dynamics in strong gravity regions. This is in accord with the Belinskii, Khalatnikov, and Lifshitz conjecture.
I. INTRODUCTION
The internal structure of black holes and spacetime singularities have been intriguing and basic topics in gravitation and cosmology, theoretical and realistic [1] [2] [3] [4] [5] . Exploring the internal structure of black holes and spacetime singularities inside black holes can lead to a better understanding on black hole physics, gravitation, and quantum physics. Because of similarities between the singularities inside black holes and the singularity in the early Universe, this study may also shed light on cosmology.
It is widely believed that in reality, gravitational collapses may produce rotating black holes. Price's theorem states that gravitational radiation, produced on the surface of a collapsing star, carries away all the initial features of the star's gravitational field, except the mass, charge, and angular momentum parameters [6] . As a next step, there is naturally the question of what the final state of the internal collapses might be. A simpler version of the question is how, in reality, inside a rotating black hole, particles from the accretion disk can affect the internal geometry of the black hole.
On the spacelike singularity curve inside a Schwarzschild black hole, the Kretschmann scalar curvature diverges. Then the maximal globally hyperbolic region defined by initial data is inextendible. However, inside charged (Reissner-Nordström) and rotating (Kerr) black holes, the central singularity is timelike. The globally hyperbolic region is up to the Cauchy horizon, and the spacetime is extendible beyond this horizon to a larger * Electronic address: junqi.guo@tifr.res.in † Electronic address: psj@tifr.res.in manifold. The Reissner-Nordström inner (Cauchy) horizon is a surface of infinite blueshift, which in turn may cause the inner horizon unstable [7] . This motivated the strong cosmic censorship conjecture, which states that for generic asymptotically flat initial data, the maximal Cauchy development is future inextendible. For mathematical explorations of the internal structures of charge black holes, see Refs. [8, 9] . For reviews on the Cauchy problem in general relativity and strong cosmic censorship, see Refs. [10] and [11] , respectively.
As the singularities are approached, the tidal force diverges, and classical general relativity does not apply. It is nevertheless important to explore the dynamics in extremely strong-gravity regions in classical general relativity. Belinskii, Khalatnikov, and Lifshitz (BKL) investigated the asymptotic behaviors in the vicinity of a spacelike singularity and found that the generic solution has chaotic oscillations of the Kasner axes as the singularity is approached [12] [13] [14] . When a massless scalar field is present, the oscillations will be destroyed, and "the collapse is described by monotonic (but anisotropic) contraction of space along all directions" [12] [13] [14] . Moreover, in the vicinity of the singularity, "the variation of the gravitational field from one location to the next can be neglected -what is much more important is the way gravity changes over time" [15] . The BKL conjecture was verified numerically in the singularity formation in a closed cosmology in Refs. [16, 17] , and in the dynamics of a test scalar field approaching the singularity of a black hole in Ref. [18] . In Ref. [19] , the BKL conjecture in the Hamiltonian framework was examined under the concern of loop quantum gravity. In Ref. [20] , the BKL conjecture was tested in spherical scalar collapse in dark energy f (R) gravity in the Einstein frame. Note that in the Einstein frame, in the vicinity of the central singularity, the scalar degree of freedom φ[≡ ( 3/2 ln f )/ √ 8πG] dom-inates the physical scalar field and the potential term for φ, where f ≡df /dR and R is the Ricci scalar. Therefore, the dynamics in this case is essentially the same as that in general relativity, and it is expected that the BKL conjecture is also valid in spherical scalar collapse in general relativity. (In fact, this is also confirmed in the current paper.) Compared to such efforts that have been made on verifying this conjecture near spacelike singularities, little work has been done on examining whether the BKL conjecture is valid in the vicinities of the inner horizons of charged and rotating black holes.
A. Mass inflation
The backreaction of the radiative tail from a gravitational collapse on the inner horizon of a ReissnerNordström black hole was investigated by Poisson and Israel [21, 22] . It was shown that due to the divergence of the tail's energy density occurring on the inner horizon, the effective internal gravitational-mass parameter becomes unbounded. This phenomenon is usually called mass inflation. These arguments were extended to the rotating black hole case in Ref. [23] .
In Refs. [21, 22] , approximate analytic expressions were obtained by considering a simplified model in which the perturbations were modeled by cross-flowing radial streams of infalling and outgoing lightlike particles. To get more information, some numerical simulations in more realistic models have been performed. The dynamics of a spherical, charged black hole perturbed nonlinearly by a self-gravitating massless scalar field was numerically studied in Refs. [24] [25] [26] [27] [28] [29] . Under the influence of the scalar field, the inner horizon of a charged black hole contracts to zero volume, and the central singularity is converted from timelike into spacelike. The mass inflation phenomenon was observed. In Refs. [30, 31] , with regular initial data, spherical collapse of a charged scalar field was simulated. An apparent horizon was formed. A null, weak mass-inflation singularity along the Cauchy horizon and a final, spacelike, central singularity were obtained. The same process was investigated rigorously in Ref. [32] . In addition, gravitational collapses in some modified gravity theories have been studied numerically. Spherical scalar collapse in f (R) gravity was simulated in Ref. [20] . Asymptotic analysis was implemented in the vicinity of the singularity of a formed black hole. Spherical collapse of a neutral scalar field in a given spherical, charged black hole in Brans-Dicke theory was investigated in Ref. [33] . Spherical collapses of a charged scalar field in dilaton gravity and f (R) gravity were explored in Refs. [34] and [35] , respectively.
In numerical relativity, it is important to connect approximate analytic candidate expressions with numerical results. In Refs. [36, 37] , the features of the Cauchy horizon singularity in charge scattering were studied. Analytic and numerical results were compared at some steps.
Despite many efforts that have been spent on the mass function near the inner horizons of charged and rotating black holes, little work has been done in an even simpler case: mass function in the vicinity of the central singularity of a Schwarzschild black hole. So far this has remained an unexplored area of work.
In this paper, we use the following notations:
(i) Neutral collapse: neutral scalar collapse toward a black hole formation.
(ii) Neutral scattering: neutral scalar collapse in a (neutral) Schwarzschild geometry.
(iii) Charge scattering: neutral scalar collapse in a (charged) Reissner-Nordström geometry. In this process, the scalar field is scattered by the inner horizon of a Reissner-Nordström black hole.
B. New results
In this paper, we explore neutral collapse, neutral scattering, dynamics in Schwarzschild and ReissnerNordström geometries, and charge scattering. The connections between such processes will also be examined.
We simulate neutral collapse and investigate the asymptotic dynamics in the vicinity of the central singularity of the formed black hole via mesh refinement. Approximate analytic solutions near the central singularity are obtained. We find that, because of the backreaction of the scalar field on the geometry, mass inflation also takes place near the central singularity. In neutral scattering, similar results are obtained.
We explore the dynamics in a Reissner-Nordström geometry and charge scattering. By comparing these two processes, we investigate the causes of mass inflation. We seek further approximate analytic solutions with the following improvements. Usually, double-null coordinates are used in studies of mass inflation in spherical symmetry. In the line element of double-null coordinates, the two null coordinates u and v are present in the form of product dudv. In the equations of motion, mixed derivatives of u and v are present quite often. In this paper, we use a slightly modified line element, in which one coordinate is timelike and the rest are spacelike. In this case, in the equations of motion, spatial and temporal derivatives are usually separated. This simplifies the numerical formalism and helps to obtain approximate analytic solutions. In addition, we compare numerical results and approximate analytic solutions closely at each step. We compare the dynamics for Schwarzschild black holes, Reissner-Nordström black holes, neutral collapse, neutral scattering, and charge scattering. With the enlightenment of high-resolution numerical results, we treat the system as a mathematical dynamical system rather than a physical one, examining the contributions from all the terms in the equations of motion.
According to the strength of the scalar field, charge scattering can be classified into five types as follows:
(i) Type I: spacelike scattering. When the scalar field is very strong, the inner horizon can contract to zero volume rapidly, and the central singularity becomes spacelike. The dynamics near the central singularity is similar to that in neutral collapse.
(ii) Type II: null scattering. When the scalar field is intermediate, the inner horizon can contract to a place close to the center or reach the center. In this type of mass inflation, for each quantity, the spatial and temporal derivatives are almost equal. In the case of the center being reached, the center is null. This type has two stages: early/slow and late/fast. In the early stage, the inner horizon contracts slowly, and the scalar field also varies slowly. In the late stage, the inner horizon contracts quickly, and the dynamics is similar to that in the spacelike scattering case.
(iii) Type III: critical scattering. This case is on the edge between the above two cases. The central singularity becomes null.
(iv) Type IV: weak scattering. When the scalar field is very weak, the inner horizon contracts but not much.
(v) Type V: tiny scalar scattering. When the scalar field is very tiny, the influence of the scalar field on the internal geometry is negligible.
In this paper, we will explore the dynamics of the first four types of mass inflation, and obtain approximate analytic solutions for the first two. Some similarities between neutral and charged mass inflations are obtained. The gravitational/electric field(s) is(are) strong in the vicinities of the central spacelike singularity of a Schwarzschild black hole and the inner horizon of a Reissner-Nordström black hole. Therefore, as verified by numerical results, the BKL conjecture applies at both cases. It is found that the BKL conjecture can interpret well how the mass inflation happens. The dynamics at strong gravity regions is local. Then at such regions, the Misner-Sharp mass function does not provide global information on the black holes.
We explore scalar collapses in both general relativity and f (R) gravity. The results are similar. For simplicity, we focus on scalar collapses in general relativity in this paper, and present the results in f (R) gravity in a separate paper [38] . This paper is organized as follows. In Sec. II, we build the framework for charge scattering, including action for charge scattering and the coordinate system. In Sec. III, we set up the numerical formalism for charge scattering. In Sec. IV, neutral collapse will be studied. In Sec. V, we discuss neutral scalar scattering in a Schwarzschild geometry. In Sec. VI, the dynamics in a Reissner-Nordström geometry will be examined. In Sec. VII, we explore charge scattering, obtaining approximate analytic solutions. In Sec. VIII, we consider charge scattering with a weak scalar field. In Sec. IX, the results will be summarized.
In this paper, we set G = c = 4π 0 = 1.
II. FRAMEWORK FOR CHARGE SCATTERING
In this section, we build the framework for charge scattering, in which a self-gravitating massless scalar field collapses in a Reissner-Nordström geometry. For comparison and verification considerations, we use Kruskal-like coordinates, and set up the initial conditions by modifying those in a Reissner-Nordström geometry with a physical scalar field.
A. Action
The action for the charge scattering system in general relativity is
with
R/(16πG), L ψ , and L F are the Lagrange densities for gravity, a physical scalar field ψ, and the electric field for a Reissner-Nordström black hole, respectively. R is the Ricci scalar, and G is the Newtonian gravitational constant. F µν is the electromagnetic-field tensor for the electric field of a Reissner-Nordström black hole. The energy-momentum tensor for a massless scalar field ψ is
(4) The dynamics for the scalar field ψ is described by the Klein-Gordon equation,
The electric field of a Reissner-Nordström black hole can be treated as a static electric field of a point charge of strength q sitting at the origin r = 0. In the ReissnerNordström metric (A1), the only nonvanishing components of F µν are F tr = −F tr = −q/r 2 . The corresponding Although the exact inner horizon is at regions where uv and (t 2 − x 2 ) are infinite, r can be very close to the inner horizon r = r− even when uv and (t 2 − x 2 ) take moderate values.
energy-momentum tensor for the electric field is [39]
Although Eq. (6) is obtained in the Reissner-Nordström metric, it is valid in any coordinate system, since as seen by static observers, the electromagnetic field should be purely electric and radial [22, 39] . We denote the total energy-momentum tensor for the source fields as
µν .
B. Coordinate system
In the studies of mass inflation, the double-null coordinates described by Eq. (8) are usually used,
where σ and r are functions of the coordinates u and v. u and v are outgoing and ingoing characteristics (trajectories of photons), respectively. For convenience, in this paper, we use a slightly modified form described by Eq. (9), obtained by defining u = (t − x)/2 and v = (t + x)/2 [40] ,
This set of coordinates is illustrated in Fig. 1 . Similar to the Schwarzschild metric, the Reissner-Nordström metric can be expressed in Kruskal-like coordinates [41] (also see Refs. [21, 22, 39, 42] ). So for ease and intuitiveness, we set the initial conditions close to those of the ReissnerNordström metric in Kruskal-like coordinates, taking into account the presence of a physical scalar field ψ.
In the form of Ref. [42] , the Reissner-Nordström metric in Kruskal-like coordinates in the region of r > r − can be expressed as
are the locations and surface gravities for the outer and inner horizons of a Reissner-Nordström black hole, respectively. m and q are the mass and charge of the black hole, respectively. r(t, x) is defined implicitly below [42] ,
Some details for this set of coordinates are given in Appendix A. In this set of coordinates, as implied by Eq. (11), the exact inner horizon is at regions where uv and (t 2 − x 2 ) are infinite; however, it is found that, even when uv and (t 2 −x 2 ) take moderate values, r still can be very close to the inner horizon, e.g., r = (1 + 10 −10 )r − . (See Fig. 2. ) Therefore, at such places, the interaction between the scalar field and the inner horizon still can be very strong, and then we can investigate mass inflation numerically.
This formalism has several advantages as follows:
(i) In the line element (9), one coordinate is timelike and the rest are spacelike. This is a conventional setup. It is more convenient and more intuitive to use this set of coordinates. For the set of coordinates described by Eq. (8) , in the equations of motion, many terms are mixed derivatives of u and v; while for the set of coordinates described by Eq. (9) , in the equations of motion, spatial and temporal derivatives are usually separated.
(ii) We set initial conditions close to those in the Reissner-Nordström metric. Consequently, with the terms related to the scalar field being removed, we can test our code by comparing the numerical results to the analytic ones in the Reissner-Nordström case conveniently. Moreover, comparing dynamics for scalar collapse to that in the Reissner-Nordström case helps us to obtain intuitions on how the scalar field affects the geometry.
(iii) The interactions between a scalar field and the geometry are local effects. In Refs. [24, 25] , the space between the inner and outer horizons are compactified into finite space. This overcompactification, at least to us, makes it a bit hard to understand the dynamics. In the configuration that we choose, the space is partially compactified, and the picture of charge scattering turns out to be simpler.
III. NUMERICAL SETUP FOR CHARGE SCATTERING
In this section, we set up the numerical formalisms for charge scattering, including field equations, initial conditions, boundary conditions, discretization scheme, and tests of numerical codes.
A. Field equations
In this subsection, we list the field equations for charge scattering. Details for the Einstein tensor and the energy-momentum tensor of a scalar field are given in Appendix B. In double-null coordinates (9), using
one obtains the equation of motion for r,
where r ,t ≡ dr/dt and other quantities are defined analogously. For simplicity, we define η ≡ r 2 and integrate the equation of motion for η, instead. The equation of motion for η can be obtained by rewriting Eq. (12) as [40] − η ,tt + η ,xx = 2e
(total) θ θ provides the equation of motion for σ,
In double-null coordinates, the equation of motion for ψ (5) becomes
The {uu} and {vv} components of the Einstein equations yield the constraint equations,
Via the definitions of u = (t − x)/2 and v = (t + x)/2, the constraint equations can be expressed in (t, x) coordinates. Equations (17) − (16) and (17) + (16) generate the constraint equations for the {tx} and {tt} + {xx} components, respectively,
r ,tt + r ,xx + 2(r ,t σ ,t + r ,x σ ,x ) + 4πr(ψ
B. Initial conditions
We set the initial data to be time symmetric,
Therefore, in this configuration, the constraint equation (18) is satisfied identically. Note that, in this configuration, the values of r ,t and σ ,t at t = 0 are the same as those in the Reissner-Nordström metric case. We set the initial value for ψ as
where a, b, and x 0 are parameters. The initial value for σ is defined to be the same as the corresponding one in the Reissner-Nordström metric case (10),
where r is defined by Eq. (11) with t = 0. We obtain the initial value for r in charge scattering at t = 0 by combining Eqs. (12) and (19) ,
We set r ,x = σ ,x = 0 at the origin (x = 0, t = 0) as in the Reissner-Nordström metric case. The definition domain for the spatial coordinate x is [−x b x b ]. Then r(x = x, t = 0) can be obtained by integrating Eq. (23) via the fourth order Runge-Kutta method from x = 0 to x = ±x b , respectively.
In this paper, we employ the finite difference method. The leapfrog integration scheme is implemented, which is a three-level scheme and requires initial data on two different time levels. With the initial data at t = 0, we compute the data at t = ∆t with a second-order Taylor series expansion as done in Ref. [43] . Take ψ as an example, The values of ψ| t=0 and ψ ,t | t=0 are set up as discussed above, and the value of ψ ,tt | t=0 can be obtained from the equation of motion for ψ (15).
Up to this point, the initial conditions are fixed with all the field equations being taken into account. The firstorder time derivatives of r, σ, and ψ at t = 0 described by Eq. (20) ensure that the constraint equation (18) is satisfied. The equation for r ,xx at t = 0 expressed by (23) implies that the constraint equation (19) is satisfied. Computations of r, σ, and ψ at t = ∆t via a second-order Taylor series expansion, as expressed by Eq. (24) for the case of ψ, satisfy all the equations of motion.
C. Boundary conditions
The values of r, σ, and ψ at the boundaries of x = ±x b are obtained via extrapolations. In fact, we are mainly concerned with the dynamics around x = 0. Therefore, as long as x b is large enough, the boundary conditions will not affect the dynamics that we are interested in.
D. Discretization scheme
In this paper, we implement the leapfrog integration scheme, which is second-order accurate and nondissipative. With the demonstration of Fig. 3 and using the quantity ψ as an example, our discretization scheme is expressed below,
We let the temporal and spatial grid spacings be equal, ∆t = ∆x.
E. Tests of numerical code
It is necessary to test the numerical code before we explore the results further. We compare the numerical results obtained by the code with the analytic ones for the dynamics in a Reissner-Nordström geometry, and examine the convergence of the constraint equations and dynamical equations in charge scattering.
For charge scattering, the dynamics in a ReissnerNordström geometry in Kruskal-like coordinates is a special case, in which the contributions from the scalar field are set to zero. This special case has analytic solutions expressed by Eqs. (10) and (11) . Therefore, we can test our code by comparing the numerical and analytic results in the Reissner-Nordström metric. Set m = 1, q = 0.7, and ∆x = ∆t = 10 −4 . We plot the evolutions of r and σ along the slice (x = 3×10 −4 , t = t) in Fig. 4(a) . As shown in Fig. 4(a) , numerical and analytic results match well at an early stage, while at a late stage where gravity and electric field become strong, the numerical evolutions have a time delay compared to analytic solutions.
When the numerical results are obtained, we substitute the numerical results into the disretized equations of motion and constraint equations, and find that they are well satisfied. Moreover, the convergence of the constraint equations (18) and (19) is examined. We assume one constraint equation is nth-order convergent: residual=O(h n ), where h is the grid size. Therefore, the convergence rate of the discretized constraint equations can be obtained from the ratio between residuals with two different step sizes,
Our numerical results show that both of the constraint equations are about second-order convergent. As a representative, we plot the results for the {tx} constraint equation (18) in Fig. 4 (b) for the slice (x = x, t = 0.65). Convergence tests via simulations with different grid sizes are also implemented [44, 45] . If the numerical solution converges, the relation between the numerical solution and the real one can be expressed by . The slice is for (x = 3∆x, t = t). This is a special case of charge scattering with the contribution of the scalar field being set to zero. Numerical and analytic results match well at an early stage, while at a later stage where the gravity and electric field become stronger, the numerical evolutions have a time delay, compared to analytic solutions. (b) Numerical tests for the {tx} constraint equation (18) and the evolution of σ on the slice (x = x, t = 0.65). They are both second-order convergent.
where F h is the numerical solution. Then for step sizes equal to h/2 and h/4, we have
, one obtains the convergence rate
The convergence tests for η ≡ r 2 , σ, and ψ are investigated. They are all second-order convergent. As a representative, the results for σ are plotted in Fig. 4 (b) for the slice (x = x, t = 0.65). The values of the parameters in charge scattering in this section are described at the beginning of Sec. VII. We use the spatial range of x ∈ [−10 10] and the grid spacings of h = ∆x = ∆t = 0.02.
IV. NEUTRAL SCALAR COLLAPSE
In Ref. [20] , neutral scalar collapse in f (R) gravity was explored. In this section, we consider a simpler case: neutral scalar collapse in general relativity. We examine the dynamics in the vicinity of the central singularity of the formed black hole. Mass inflation in the vicinity of the central singularity will be discussed.
A. Numerical setup
The numerical setup is a simpler version of the one in neutral scalar collapse in f (R) gravity discussed in Ref. [20] . The dynamical equations for r, η, σ, and ψ can be obtained by setting the terms related to the electric field in the corresponding equations in Sec. III A to zero,
In the equation of motion for σ (29), the term (r ,tt − r ,xx )/r can create big errors near the center x = r = 0. To avoid such a problem, we use the constraint equation (16) alternatively [40] . Defining a new variable g
one can rewrite Eq. (16) as the equation of motion for g,
In the numerical integration, once the value of r at the advanced level is obtained, the value of σ at the current level will be computed using Eq. (31).
We set the initial data as
The initial value of ψ(r) is defined as
with a = 0.1, b = 1, and r 0 = 5. The local Misner-Sharp mass m is defined as [46] 
(See Ref. [47] for details on various properties of the Misner-Sharp mass/energy in spherical symmetry.) Then on the initial slice (x = x, t = 0), the equations for r, m, and g are [20, 40] 
Set r = m = g = 0 at the origin (x = 0, t = 0). Then the values of r, m, and g on the initial slice (x = x, t = 0) can be obtained by integrating Eqs. (36)- (38) from the center x = 0 to the outer boundary x = x b via the fourthorder Runge-Kutta method. The values of r, σ, and ψ at t = ∆t can be obtained with a second-order Taylor series expansion, as discussed in Sec. III B. The value of g at t = ∆t can be obtained using Eq. (31) . The range for the spatial coordinate is defined to be x ∈ [0 10]. At the inner boundary x = 0, r is always set to zero. The term 2(−r ,t ψ ,t + r ,x ψ ,x )/r in Eq. (30) needs to be regular at x = r = 0. Since r is always set to zero at the center, so is r ,t . Then we enforce ψ to satisfy ψ ,x = 0 at x = 0. The value of g at x = 0 is obtained via extrapolation. We set up the outer boundary conditions via extrapolation. The temporal and spatial grid spacings are ∆t = ∆x = 0.005.
The numerical code used here is a simplified version of the second-order convergent one for spherical scalar collapse in f (R) gravity developed in Ref. [20] .
B. Black hole formation
When the scalar field is weak enough, the scalar field will collapse and then disperse. A flat space is left. However, when the scalar field carries enough energy, the scalar field can collapse into a black hole. In this paper, we are interested in the latter case. In Fig. 5 , we plot the evolutions of r, σ, and ψ and the apparent horizon of the formed black hole. On the apparent horizon of a black hole, the expansion of the outgoing null geodesics orthogonal to the apparent horizon is zero [48] . Then in double-null coordinates, on the apparent horizon, there is [49] 
Using such a property, the apparent horizon is found and plotted in Figs. 5(d) and 5(e). As shown in Fig. 5 (e), the radius of the apparent horizon is r AH ≈ 1.8. Therefore, a black hole is formed. We plot the Misner-Sharp mass function (35) along the slices (x = 1, t = t) and (x = 2.5, t = t) in Fig. 5(f) , from which one can see that, near the central singularity, the mass function diverges.
C. Asymptotic dynamics near the singularity curve of a Schwarzschild black hole
In this section, we are mainly interested in the dynamics near the central singularity of the formed black hole. As a preparation, in this subsection, we list some basic results on the dynamics near the central singularity of a (stationary) Schwarzschild black hole. We consider the Schwarzschild metric in Kruskal coordinates,
with e −2σ = 32m
As discussed in Appendix C, in the vicinity of the singularity curve, the ratios between the spatial and temporal derivatives of r can be expressed by the slope of the contour line r = 0, K,
In the vicinity of the singularity curve, we rewrite t as t = t 0 − ξ, where t 0 is the coordinate time on the singularity curve and ξ t 0 . With the spatial coordinate x being fixed, a perturbation expansion near the singularity curve directly yields
Moreover, combining Eqs. (41) and (44), one obtains As shown in Appendix C, throughout the whole spacetime of a Schwarzschild black hole, inside and outside the horizon and also near the singularity, there is
Namely, for a (stationary) Schwarzschild black hole, the Misner-Sharp mass function is equal to the black hole mass everywhere. A and point B are on one same hypersurface r = const, while point C is on another one. At point C, in first-order accuracy, r,x ≈ (rC − rA)/∆x and r,t ≈ (rB − rC )/∆t. Since rA = rB and the absolute value of the slope of the singularity curve dt/dx is less than 1, there is |r,x/r,t| ≈ |∆t/∆x| < 1. ∆λ and −|a|r are perpendicular to the lines of r = r1 and r = r2. a is a certain number, such that the magnitude of −|a|r has the length as shown in the figure.
D. Asymptotic dynamics in the vicinity of the central singularity of the formed black hole in neutral collapse
In this subsection, we discuss the asymptotic dynamics in the vicinity of the central singularity of the formed black hole in neutral collapse, by connecting the reduced field equations to numerical results and comparing the dynamics of neutral collapse to that in Schwarzschild black holes.
We first explain why near the singularity curve of the formed black hole, the ratio between spatial and temporal derivatives are defined by the slope of the contour lines r = const. We take the quantity r as an example. As illustrated in Fig. 6 , point A and point B are on one same hypersurface r = const, while point C is on another one. At point C, in first-order accuracy, r ,x ≈ (r C − r A )/∆x and r ,t ≈ (r B − r C )/∆t. Since the singularity curve is spacelike, the absolute value of the slope of the singularity curve K≡dt/dx is less than 1. Consequently, there is
Similar arguments yield
This can also be interpreted in the following way. As shown in Fig. 6 , in double-null coordinates, the time vectort is not normal to the hypersurface of r = const. Then the derivatives in the radial direction have nonzero projections on both hypersurfaces of x = const and t = const. Along an arbitrary slice (x = const, t = t), near the singularity, the ratios between first-and secondorder spatial and temporal derivatives are equal to |K| and K 2 , respectively. The quantities σ and ψ have similar features as described by Eqs. (47) and (48) . This can be explained as follows. Take the scalar field ψ as an example. With the illustration of Fig. 6 , as this scalar field moves toward the center, two neighboring points on this scalar wave ψ should take close values when they respectively cross points C and D (which are on one same hypersurface r = const) at two consecutive moments, because these two points on the scalar wave are neighbors and the "distances" AD and BC are more important for their values than the difference between these two neighboring points. In other words, in the vicinity of the singularity curve, gravity is more important than the difference between neighboring points on the scalar wave. Alternatively, to a large extent, later evolutions in a strong gravitational field largely erase away the initial information on the connections between neighboring points. These arguments are supported by numerical results. Near the singularity, the evolution of ψ is described by ψ ≈ C ln ξ, where ξ = t 0 − t t 0 and t 0 is the coordinate time on the singularity curve. In Fig. 6 , ξ means AD and BC. The parameter C changes slowly along the singularity curve, compared to the dramatic running of ln ξ [20] . In other words, ψ A ≈ ψ B and ψ C ≈ ψ D . Then as in the case of r, there is
Taking the slice (x = 2, t = t) as an example, we examine the dynamics along this slice via mesh refinement that was implemented in Refs. [20, 50] and plot the results in Fig. 9 . As shown in Fig. 9(f) , in the vicinity of the singularity along this slice, the ratios between spatial and temporal derivatives are
As a comparison, the slope of the singularity curve, which is plotted in Fig. 5(d) , at x = 2 is K ≈ 0.25. Because of the fact that in the vicinity of the singularity, the ratios between spatial and temporal derivatives for r, σ, and ψ take similar values, and with the numerical results plotted in Figs. 7, 9, and 10, the field equations for r (27) , σ (29), and ψ (30) can be simplified as follows:
The asymptotic solutions to Eqs. (51)- (53) are [20] r ≈ Aξ β ,
Substituting Eq. (54) into Eq. (51) yields
Then we have
E. Causes of mass inflation in neutral scalar collapse
In neutral scalar collapse, the equation of motion for σ is
Then as discussed in the above subsection, the term 4π(ψ
) is positive and can make σ(x, t) greater than the corresponding value in the Schwarzschild black hole case. [See Eq. (55) .] This makes the mass function divergent near the singularity as will be discussed below.
Near the singularity, using Eqs. (54)- (57), there is
Then with Eq. (35), the mass function can be written as
In the Schwarzschild black hole case, C = 0. As shown in Appendix C, the mass function is always constant and equal to the black hole mass. In neutral collapse, the parameter β does not change much and remains about 1/2. However, the parameter C is not zero. Then the metric quantity σ is modified. As a result, the delicate balance between r and e 2σ (−r 2 ,t + r 2 ,x ) is broken. Consequently, as implied in Eq. (60), near the singularity, the mass function diverges: mass inflation occurs. With numerical simulations, the divergence of m near the central singularity was also reported in Ref. [49] , while further explorations were absent.
As shown in Fig. 5(b) , at large-and small-x regions, σ approaches negative and positive infinities, respectively. We interpret this difference using Eqs. (55)- (57), Fig. 5(c) , and three sample sets of results at x = 1, x = 2, and x = 2.5, which are obtained via mesh refinement and are plotted in Figs. 7 and 8, 9, and 10, respectively. As shown in Fig. 5(c) , at large-x regions, the scalar field is very weak. This is also illustrated in Figs. 9(c) and 10(b), which show the contributions of all the terms in the equation of motion for σ at the slices (x = 2, t = t) and (x = 2.5, t = t), respectively. From these two figures, one can see that at large-x regions, in the vicinity of the singularity, in the equation of motion for σ, the contribution of the scalar field ψ is much less than those from metric quantities, 4πψ At small-x regions, before the center x = 0 converts from timelike into spacelike, the scalar field is reflected at x = 0. In addition, new pulses of the scalar field from large-x regions keep coming to the central region. Then some of the energy of the scalar field is accumulated around the center. Then the scalar field becomes very strong in this region. [See Fig. 5(c) .] In this case, the contribution from the scalar field can be comparable to or even greater than those from the metric quantities, 4πψ As a further step of exploring mass inflation, we examine the differential form of the mass function. Using Eq. (46) and Einstein equations, one obtains [21, 22] ,
where x a is a coordinate, t or x. T 
As implied in Fig. 6 , Then using
we have
Equation (65) implies that in the vicinity of the central singularity, the effective density for the scalar field ψ is
which is consistent with the integration form of the mass function (60).
G. Discussions
In which cases is the mass function equal to the black hole mass?
For stationary black holes, the Misner-Sharp mass function is always equal to the black hole mass. This is verified for the Schwarzschild black hole case in Appendix C and for the Reissner-Nordström black hole case in Sec. VI.
In spherical symmetry, at spatial infinity, the mass function describes the total energy/mass of an asymptotically flat spacetime [47] . In a gravitational collapse case, it means the total mass of the collapsing system.
2. In which cases does the mass function not describe the black hole mass?
In the vicinities of the central singularity of a Schwarzschild black hole and the inner horizon of a Reissner- Nordström or Kerr black hole, the dynamics and some quantities are local. The mass function is just a parameter which varies at each point, not giving global information on the black hole mass.
How does one interpret the behaviors of the mass function at different circumstances?
One may interpret this issue via an analog to Newtonian gravity. In Newtonian gravity, suppose we want to measure the mass M of a source sphere with a pointlike test mass m. Denote the distance between the two masses by r. Without perturbations, the gravitational force between the two masses is simply F = GM m/r 2 . However, if another mass δM passes by the test mass, the gravitational field near the test mass can become very strong and local, and it is not able to provide accurate information on the source sphere. When the perturbation mass is gone or sticks to the source sphere, one can measure the mass of the source object accurately again.
Similarly, in gravitational collapse in general relativity, in the vicinity of the singularity of the formed black hole, because of the strong interaction between the scalar field and the geometry, the dynamics becomes local. Then the computed mass function does not provide global information on the mass of the black hole or of the collapsing system. As discussed in Sec. IV E, at large-x regions, most of the energy of the scalar field has been absorbed into the black hole, and the tail of the scalar field is very weak. As a result, although in this case the mass function does not seem to approach a fixed value, it grows very slowly. [See Fig. 10(d).] 4. Is there a suitable mass definition inside black holes?
Although quite several local definitions of mass have been constructed for regular spacetime, little work has been done to provide more alternatives for global conservation laws. Considering the large amount of efforts that have been spent on formulating proper quasi-local mass, it can be even more challenging to develop the "ultimate" mass definition inside black holes. The role of unavoidable spacetime singularities has also an effect in all of these definitions.
V. NEUTRAL SCALAR SCATTERING
In this section, we consider neutral scattering, in which a neutral scalar collapses in a Schwarzschild geometry. The numerical formalism is a simpler version of the one in charge scattering that has been constructed in Sec. III, and it can be obtained by removing the electric terms in the field equations presented in Sec. III A and replacing the Reissner-Nordström geometry with a Schwarzschild one.
The parameters are set as follows:
(i) Schwarzschild geometry: m = 1.
(ii) Physical scalar field: The numerical results for neutral scattering are plotted in Fig. 11 . As shown in Fig. 11(b) , σ is always negative. Our interpretations for this are the following. In neutral collapse, before the center x = 0 changes from timelike into spacelike, because of the reflection at x = 0 and the consecutive incoming of pulses of the scalar field from large x, some of the energy of the scalar field is accumulated at the central region. Then the scalar field becomes very strong and its contribution can be comparable to those from the metric quantities, i.e., 4πψ 2 ,t ∼ |r ,tt /r| ∼ |σ ,tt |. As a result, σ can be positive. However, in neutral scattering, there is a given Schwarzschild geometry, and the center is a spacelike singularity from the beginning. So the energy of the scalar field simply moves to the central singularity rather than being reflected. Then the energy of the scalar field has no opportunity of accumulating at the central region. Consequently, the scalar field is always weak compared to the metric quantities, and σ remains negative.
We explore the dynamics in the vicinity of the central singularity, including the behaviors of the field equations, the metric quantities, the scalar field, and the mass function. The results are similar to those in the weak scalar field case in neutral collapse as plotted in Figs. 9 and 10. As a representative, we plot the Misner-Sharp mass function along the slice (x = 2, t = t) in Fig. 11(f) .
VI. DYNAMICS IN THE REISSNER-NORDSTRÖM GEOMETRY
As one more preparation for charge scattering, we discuss the dynamics in the Reissner-Nordström geometry in the patch r > r − in Kruskal-like coordinates
where r and σ are defined by
The equations of motion for r and σ are
The mass and charge of the Reissner-Nordström black hole are set as m = 1 and q = 0.7, respectively. We take the slice (x = 0.5, t = t) as a sample slice. The dynamics for r and σ and the evolutions of r, σ, and m on this slice are plotted in Fig. 12 . As shown in Fig. 12 , in Eqs. (70) and (71), around the outer horizon, the charge terms are negligible compared to other terms. The dynamics is close to that in the Schwarzschild black hole case. σ is negative and |σ| keeps decreasing until r is close to the inner horizon. Then |σ| decelerates and turns around. σ approaches positive infinity, r ,x and r ,t approach zero, and r asymptotes to r − . The term e 2σ (−r 2 ,t + r 2 ,x ) asymptotes to zero, as plotted of in Fig. 12(f) . Note that the Misner-Sharp mass function a charged black hole is defined as
Then as shown in Fig. 12(f) , the mass function remains equal to the mass of the Reissner-Nordström black hole as the inner horizon is approached as expected.
In the next section, we will show that in charge scattering, near the inner horizon, due to the additional contribution from a scalar field, σ approaches positive infinity faster than in the Reissner-Nordström black hole case. Consequently, r decreases faster and then is able to cross the inner horizon. As a result, the term e 2σ (−r 2 ,t + r 2 ,x ) and the mass parameter diverge: mass inflation takes place. In (c), it is 15∆t = 0.075. (e) and (f) are for the horizons. When the scalar field is strong enough (around x = 2), the inner horizon can be pushed to the center, and the central singularity becomes spacelike. When the scalar field is weak enough (e.g., −4 < x < −1), the inner horizon does not change much, and the central singularity remains timelike. At the intermediate state (e.g., 0 < x < 1.5), the inner horizon contracts to zero, and the central singularity becomes null. The results for the inner horizon, especially for x > 2, are not that accurate. We are aware that the inner horizon is actually at infinity, while r still can be very close to r− when x and t take moderate values.
VII. RESULTS FOR CHARGE SCATTERING
In this section, we explore charge scattering: scalar field collapse in a Reissner-Nordström geometry. We study the evolutions of the metric components and scalar field, and obtain approximate analytic solutions. We closely compare the dynamics in Schwarzschild black holes, Reissner-Nordström black holes, neutral scalar collapse, and charge scattering. In addition, in obtaining the analytic solutions, we compare the analytic candidate solutions to the numerical results at each step.
In this section, the parameters are set as follows:
(i) Reissner-Nordström geometry: m = 1, and q = 0.7.
(ii) Physical scalar field: A. Evolutions
Outline
In this subsection, we describe the evolutions of r, σ, and ψ that are plotted in Fig. 13 . Examining the equations of motion (12)- (15), one can see that in the charge scattering dynamical system, there are three types of quantities as follows:
(i) Metric components: r and σ. They contribute as gravity.
(ii) Scalar field: ψ. It contributes as a self-gravitating field.
(iii) Electric field. It acts as a repulsive force. See Eq. (12).
Furthermore, these quantities can be separated into two sides: the gravitating side (r, σ, and ψ) and the repulsive side (electric field). The dynamics in charge scattering consists mainly of how these quantities interact, including how the gravitating and repulsive sides compete. According to the strength of the scalar field, charge scattering can be classified as follows:
(i) Type I: spacelike scattering. When the scalar field is very strong, the inner horizon can contract to zero volume rapidly, and the central singularity becomes spacelike. Sample slice: (x = 1.67, t = t) in Fig. 13 . See Sec. VII B.
(ii) Type II: null scattering. When the scalar field is intermediate, the inner horizon can contract to a place close to the center or reach the center. In this type of mass inflation, for each quantity, the spatial and temporal derivatives are almost equal. In the case of the center being reached, the central singularity becomes null. This type of scattering has two stages: early/slow and late/fast. In the early stage, the inner horizon contracts slowly; while in the late stage, the inner horizon contracts rapidly. Sample slice: (x = 0.5, t = t) in Fig. 13 . See Secs. VII C and VII D.
(iii) Type III: critical scattering. This case is on the edge between the above two cases. When the central singularity is reached, it becomes null. Sample slice: (x = 1.53, t = t) in Fig. 13 . See Sec. VII E.
(iv) Type IV: weak scattering. When the scalar field is very weak, the inner horizon does not contract much. (v) Type V: tiny scalar scattering. When the scalar field is very tiny, the influence of the scalar field on the geometry is negligible. Sample slice: (x = −3, t = t) in Fig. 13 .
In this paper, we will discuss the first three types.
Causes of mass inflation and evolutions of r, σ, and ψ
In a Reissner-Nordström geometry, in Kruskal-like coordinates expressed by Eq. (67), near the inner horizon, although σ asymptotes to positive infinity, (r In charge scattering, the equations of motion for η≡r 2 and σ are
(74) At the beginning, under our initial conditions, |ψ ,t | is less than |ψ ,x |. However, as discussed in Sec. IV D, as r decreases toward the central singularity, gravity becomes stronger, and |ψ ,t | becomes greater than |ψ ,x |.
(Also see Figs. 14-17.) Then in this case, the repulsive "force,"4π(ψ 2 ,t − ψ 2 ,x ) + e −2σ q 2 /r 4 , is greater than the corresponding one, e −2σ q 2 /r 4 , in a Reissner-Nordström geometry. This makes σ accelerate faster than in the Reissner-Nordström geometry. Consequently, the repulsive force from 2e −2σ (q 2 /r 2 − 1) for η≡r 2 is much weaker than the corresponding value in the ReissnerNordström geometry. As a result, near the inner horizon, 72).] In other words, regarding the causes of mass inflation in charge scattering, the scalar field's backreaction on r is more important than that on σ. The evolutions of r, σ, and ψ are plotted in Figs. 13(a)-13(d) .
Locations of horizons
In charge scattering, on the horizon, there is
We locate the outer and inner horizons using this property. The results are plotted in Figs. 13(e) and 13(f).
Because of the absorption of the physical scalar field ψ, the outer horizon increases from the original value of 1.7 to 2.9. Note that the results for the inner horizon, especially at regions where x > 2, are not that accurate. We are aware that the inner horizon is actually at infinity, while r still can be very close to r − even when x and t take moderate values.
B. Spacelike scattering
In this configuration, the scalar field is so strong, such that the inner horizon can contract to zero volume rapidly, and the central singularity converts from timelike into spacelike. Taking the slice (x = 1.67, t = t) as a sample slice, we plot the terms in the field equations for r, σ, and ψ in Fig. 14 , and also the evolutions of r, σ, ψ, and m in Fig. 15 . We investigate the dynamics in the vicinity of the central singularity via mesh refinement, and plot the results in Fig. 16 .
The strongness of the scalar field causes several consequences as below.
(i) The quantity r does not decelerate much when it crosses the inner horizon of the given ReissnerNordström black hole, and it can approach the center. At the same time, the mass function grows dramatically. [See Fig. 15.] (ii) The central singularity converts from timelike into spacelike.
(iii) The dynamics in spacelike scattering is similar to that in neutral, strong scalar collapse. When the scalar field is less strong, the inner horizon may still contract to zero. However, in this case, the central singularity becomes null rather than spacelike. The equations of motion remain null: they have similar forms as free wave equations, e.g., ψ ,tt ≈ ψ ,xx .
In the Reissner-Nordström black hole case, near the center, the repulsive (electric) force dominates gravity, and the central singularity is timelike. In spacelike scattering as discussed in the last subsection, gravity from the scalar field and the background geometry dominates the repulsive force. As a result, the central singularity is spacelike. At the late stage of the null scattering that will be studied in this subsection, the scalar field is less strong, and the central singularity is null. Because of this, one may say that the null scattering is a critical case of the competition between repulsive and gravitational forces, in which case the two types of forces have a balance.
Take the slice (x = 0.5, t = t) as a sample slice, we plot the terms in the field equations for r, σ, and ψ in Fig. 17 , and the evolutions of r, σ, ψ, m, and |1 − K 2 | in Fig. 18 . We investigate the dynamics in the vicinity of the central singularity via mesh refinement and plot the results in Fig. 19 .
The null scattering has two stages: early/slow and late/fast. As shown in Figs. 17 and 18 , right after the strong collision between the scalar field and the inner horizon, because of the repulsive force from the electric field and the tension force from spatial derivatives, r, σ, and ψ change slowly. As a result, the mass function m also grows slowly. We call this stage the early/slow stage. Later on, as r approaches zero, maybe because of strong gravity from the central singularity as in the spacelike scattering case, these quantities change faster. We call this stage the late/fast stage.
As shown in Fig. 17 , when r is very small, the equations of motion for r (12), η (13), σ (14), and ψ (15) can be rewritten as 
Terms in E.o.M. for Figure 14 : (color online). Dynamics along the slice (x = 1.67, t = t) in spacelike charge scattering. (a) and (b), (c) and (d), (e) and (f): dynamical equations for r, σ, and ψ. In this configuration, the scalar field is so strong, such that r does not decelerate much when it crosses the inner horizon of the given Reissner-Nordström geometry. , and by then mass inflation takes place. (c) ratios between spatial and temporal derivatives for r, σ, and ψ. When t > 1.9, there is |ψ,x/ψ,t| ≈ |r,x/r,t|.
Since the above four equations have some similarities to the corresponding ones in spacelike scattering, one may guess that the quantities r, σ, ψ, and m may have expressions similar to those in spacelike scattering. In fact, this guess is verified by the numerical results plotted in Fig. 19 . In the spacelike scattering case, near the central singularity, the ratio |r ,x /r ,t | approaches a fixed value-the slope of the singularity curve, which is different from 1. Therefore, we can obtain the approximate analytic expression for (r 2 ,t − r 2 ,x ) and then for the mass function m. However, in the null scattering case, |1 − K 2 | asymptotes to zero. We plot the numerical results of |1 − K 2 | in Fig. 19(b) , while we do not derive the approximate analytic expression for |1 − K 2 |. The good thing is that in the diverging mass function, compared to the factor e 2σ , the term |1 − K 2 | is a minor one.
D. The early/slow stage of null scattering
As shown in Fig. 17 , at the early/slow stage of null scattering, the equations of motion for r (12), σ (14), and ψ (15) can be rewritten as follows:
The above equations are like free scalar wave equations in flat spacetime. The derivatives of one variable (r, σ, and ψ) are independent from the derivatives of another. Arbitrary functions of (t + x) or (t − x) can satisfy the above equations, and in principle, the initial conditions right after the collision between the scalar field and the Figure 16 : (color online). Dynamics and solutions in the vicinity of the spacelike central singularity on the slice (x = 1.67, t = t) in spacelike charge scattering. In the equations of motion, in the vicinity of the singularity, the terms related to the electric field are negligible. Therefore, the equations of motion behave similarly to those in neutral scalar collapse that are plotted in 
Terms in E.o.M. for σ 
Terms in E.o.M. for σ (18) and (19) provide some useful information on the connections between r, σ, and ψ at the early stage of charge scattering:
As shown in Fig. 18 , the quantities r, σ, ψ, |1 − K 2 |, and m change dramatically at the beginning of charge scattering where r≈r − . Moreover, note that, near the central singularity, r, σ, and ψ have approximate analytic expressions in terms of ξ = t 0 − t, where t 0 is the time coordinate of the singularity curve. So it is natural to guess that, at the early stage of charge scattering, the above quantities may be also expressed by function of ζ = t − t s , where t s is a certain time value related to the early stage of charge scattering. We plot the evolutions of these quantities at the early stage of charge scattering in Fig. 20 , from which one can see that r, r ,t , and σ may have the following approximate analytic expressions:
σ≈b ln ζ + σ 0 .
In fact, a logarithmic expression for σ is supported by its behavior near the inner horizon in the ReissnerNordström black hole case. From Eqs. (11) and (22), one obtains that as r approaches the inner horizon r = r − , in the case of t x, σ can be approximated by a logarithmic function of t. As shown in Fig. 17(c) , describing the terms in the equation of motion for σ in charge scattering, at the very early stage (t ≈ 1) of the collision between the scalar field and the inner horizon, compared to other terms, the contributions from the terms related to ψ are tiny. Therefore, at this stage, the evolution of σ should not be much different from the corresponding one in the Reissner-Nordström geometry,
As shown in Fig. 20 (e), ψ can be well fitted by power law functions of ζ,
We also plot (1 − K 2 ) in Fig. 20 (e), and find that ln(1 − K 2 ) can be well fitted linearly with respect to ζ,
Currently we do not have derivations for this linear relation. The good thing is that, in the mass function, (1 − K 2 ) is a minor factor. Therefore, as verified in Fig. 20(f) , the mass function can be reduced to
where a, b, λ, and σ 0 are defined in Eqs. (85) and (86). We list the fitting results below: Terms in {tx} const. eq. Terms in {tt + xx} const. eq. It can be interesting to compare the dynamics at the early stage of null scattering with (1) that near the central singularity in spacelike scattering and (2) that at the late stage of null scattering. At the early stage of null scattering, r and ψ change slowly: r≈r − , r ,t ≈ aζ λ with λ > 1, and ψ ≈ f ζ h + ψ 0 . Near the center, r and ψ change fast: r ≈ 0, r ,t ≈aξ −(1−β) with 1 − β ≈ 1/2 < 1, and ψ≈C ln ξ. In both cases, σ changes fast and has logarithmic expressions with respect to ζ and ξ, respectively.
E. Critical scattering
In Secs. VII B-VII D, we studied spacelike and null scattering. In this subsection, we discuss critical scattering, which is on the edge between spacelike and null scattering. In fact, the dynamics of this type of mass inflation is similar to that at the late stage of null scattering.
The dynamics of r, σ and the evolutions of r, σ, ψ, and m in critical scattering on the slice (x = 1.53, t = t) are plotted in Fig. 21 . In spacelike scattering, the terms in the field equations are grouped according to temporal and spatial derivatives. Take the field equation for σ as an example. As shown in Fig. 16(c) , at small-r regions, there are σ ,tt ≈ 4πψ 2 ,t and σ ,xx ≈ 4πψ 2 ,x . At the early stage of the null scattering, the terms in the field equations are grouped according to the types of quantities. As shown in Fig. 17(c) , at the early stage of the null scatter- ing, there are σ ,tt ≈ σ ,xx and 4πψ
In critical scattering, the dynamics has features from both spacelike and early stage of null scattering. As shown in Fig. 21(b) , in this case, there are σ ,tt ≈ σ ,xx ≈ 4πψ (ii) Grid. Spatial range: x ∈ [−10 10]. Grid spacings: ∆x = ∆t = 0.005.
As discussed in the above section, in some spacetime regions where the scalar field is strong, the inner horizon can contract to zero volume, and the central singularity becomes spacelike or null. However, this does not always necessarily happen. After all, it takes energy for the inner horizon to contract. When the scalar field carries less energy, the inner horizon may only contract to a nonzero value. This is confirmed by our numerical results plotted in Fig. 22 , which are in agreement with the numerical work in Ref. [29] and the mathematical proof in Ref. [9] . Since in this case the inner horizon is not totally destructed, one needs to reconsider whether Terms in E.o.M. for σ the strong cosmic censorship conjecture is valid here. If not, more efforts need to be spent on understanding the nature of this conjecture and the internal structure of Reissner-Nordström and Kerr black holes directly. The dynamics for the quantities r, σ, and ψ are plotted in Figs. 23(a)-23(d) . The numerical results show that at the later stage, the field equations for such quantities become null, in the sense that the temporal and spatial derivatives are almost equal, i.e., σ ,tt ≈ σ ,xx . Moreover, the derivatives have oscillations. As shown in Figs. 23(e) and 23(f), the mass function grows up continuously even as r approaches a constant value. Further details are skipped.
IX. SUMMARY
In this paper, we studied neutral scalar collapse, neutral scattering, and charge scattering numerically. Mass inflation was found to happen in the vicinity of the central singularity. Approximate analytic solutions were partially obtained. We summarize our work on computational and physical issues separately below.
A. Computational issues
(i) Numerical vs analytic approaches. Numerical and analytic approaches are both indispensable in gravitational physics. The results from one of the two can be enlightening for the other one; and one approach can be used to check the results from the other one. Typical examples include computations of gravitational waveforms in black hole binary systems [51] [52] [53] and studies of quantum evaporation of two-dimensional black holes [53] . The efficiency of combining the two approaches was displayed again in this paper.
(ii) Problems with known solutions vs a new problem.
In exploring charge scattering, we tried to closely compare problems with known solutions (dynamics in Schwarzschild and Reissner-Nordström geometries and neutral scalar collapse) to a problem yet to be solved (charge scattering).
(iii) dudv vs (−dt 2 + dx 2 ) in double-null coordinates. In the studies of mass inflation, the dudv format of the Kruskal-like coordinates, ds 2 = 4e −2σ dudv + r 2 dΩ 2 , is usually used. In this paper, we used the (−dt 2 + dx 2 ) format instead, ds 2 = e −2σ (−dt 2 + dx 2 ) + r 2 dΩ 2 , with u = (t − x)/2 = const and v = (t + x)/2 = const. Moreover, we set the initial conditions close to those in a Reissner-Nordström geometry.
In the (t, x) line element, one coordinate is timelike, and the rest are spacelike. We are used to this setup. It is more convenient and more intuitive to use this set of coordinates. For the (u, v) choice, in the field equations, many terms are mixed derivatives of u and v, e.g., r ,uv . However, for the (t, x) choice, spatial and temporal derivatives are usually separated, e.g., (r ,tt − r ,xx ).
In the study of charge scattering, we set the initial conditions close to those in a Reissner-Nordström geometry. Consequently, removing the terms related to the scalar field, we can test our code by comparing the numerical results to the analytic ones in a Reissner-Nordström geometry. Moreover, by comparing numerical results for charge scattering to the dynamics in a Reissner-Nordström geometry, we can obtain intuitions as to how the scalar field affects the geometry.
(iv) Cauchy horizon: infinite or local regions? As implied by Eq. (11), the exact inner horizon r = r − is at the regions where uv and (t 2 − x 2 ) are infinite. However, r still can be very close to the inner horizon even when uv and (t 2 − x 2 ) take moderate values. Consequently, at regions where uv and (t 2 − x 2 ) take some moderate values, the scalar field and the inner horizon still can have strong interactions, resulting in mass inflation.
B. Physical issues
(i) Interpretations of mass inflation in charge scattering: analytic computations vs numerical simulations. According to the original papers on mass inflation [21, 22] , the mechanism of mass inflation can be described below. Near the Cauchy horizon, the influx is infinitely blueshifted, while the outflux generates the crucial separation between the Cauchy and inner horizons. Then the blueshift and redshift do not cancel, and the mass parameter increase dramatically. In this paper, we explored mass inflation numerically. We examined the contributions of all the terms in the field equations and compared the dynamics in a Reissner-Nordström geometry and in charge scattering. In a Reissner-Nordström geometry, in the coordinates (10), r ,t asymptotes to zero near the inner horizon, and the mass parameter remains constant. In charge scattering, a scalar field impacts the inner horizon, and makes the metric quantity σ in the line element (9) grow faster than in the Reissner-Nordström geometry, causing a smaller repulsive force for r. Then r can cross the original inner horizon: mass inflation takes place.
(ii) Contributions to mass inflation in charge scattering: e 2σ vs (r ). However, comparing charge scattering and dynamics in the ReissnerNordström metric, one can see that the mass function increases dramatically not because e 2σ is very large, but because r 2 ,t moves from extremely tiny values in a Reissner-Nordström geometry to a small number in charge scattering. Namely, r 2 ,t is more important than e 2σ in the growth of the mass function.
(iii) Gravity vs repulsive (electric) force ⇔ Nature of the central singularity (timelike, spacelike, or null). In charge scattering, the quantities in the field equations can be separated into two sides: the gravitating side (r, σ, and ψ) and the repulsive side (electric field). The dynamics in charge scattering mainly describes how these quantities interact, including how the gravitating and repulsive sides compete.
In the Reissner-Nordström geometry, at small-r regions, the electric field dominates gravity. As a result, the central singularity is timelike. In charge scattering, when the scalar field is strong enough, the total gravity from the black hole and the scalar field dominates the electric field. The inner horizon contracts to zero volume rapidly, and the central singularity becomes spacelike. When the scalar field is intermediate, the inner horizon contracts to a small or zero value. The equations of motion become null, in the sense that in the equations, the temporal and spatial derivatives are almost equal, e.g., σ ,tt ≈ σ ,xx . In the case of the inner horizon contracting to zero, the central singularity becomes null.
(iv) Compare neutral collapse and different types of charge scattering. In the late stages of strong and intermediate scalar charge scattering, the dynamics and hence the solutions in the vicinity of the central singularity are similar to those in neutral scalar collapse.
Regarding the early stage of intermediate scalar charge scattering, we noticed that, in the mass function, e 2σ is the dominant factor, and hence the mass function can be well fitted by a logarithmic function of the coordinate time t.
(v) The inner horizon in a Reissner-Nordström black hole vs the central singularity in a Schwarzschild black hole. These two share some similarities as below.
For Reissner-Nordström and Schwarzschild black holes, throughout the whole spacetime, the MisnerSharp mass function is constant. When a scalar field impacts the inner horizon of a Reissner-Nordström black hole, the scalar field can modify the geometry in the vicinity of the inner horizon significantly, especially on r ,t . The inner horizon contracts and mass inflation takes place. In neutral scalar collapse toward a Schwarzschild black hole formation, the scalar field can also modify the geometry in the vicinity of the central singularity dramatically, especially on the metric component σ [20] . Then mass inflation also happens.
The BKL conjecture is an important result on the dynamics in the vicinity of a spacelike singularity [12] [13] [14] [15] . The first statement of this conjecture is that as the singularity is approached, the dynamical terms dominate the spatial terms in the field equations. In other words, the way gravity changes over time is more important than the variation of the gravitational field from one location to the next [15] . We would like to say that, to a large extent, later evolutions in a strong gravitational field largely erase away the initial information on the connections between neighboring points. As discussed in Ref. [20] and also in this paper, in double-null coordinates, using the above arguments, one can interpret the following behaviors displayed in numerical simulations: near the central singularity of a Schwarzschild black hole and the inner horizon of a Reissner-Nordström black hole, there is ψ ,x ψ ,t ∼ r ,x r ,t < 1.
In this paper, it was found that Eq. (91) can interpret how mass inflation takes place.
The second and third statements of the BKL conjecture are that i) the metric terms dominate the matter field terms, while the matter field may not be negligible if it is a scalar field; ii) the dynamics of the metric components and the matter fields is described by the Kasner solution. These two statements were confirmed in simulations of neutral scalar collapse in f (R) gravity in Ref. [20] and in general relativity in this paper. The second statement was also verified in charge scattering in this paper. However, the third statement on Kasner solution may not apply to charge scattering.
Near the central singularity in a Schwarzschild black hole, the asymptotic solutions are r≈Aξ 1 2 , σ≈Blnξ + σ 0 , and ψ≈C ln ξ, where ξ≡t 0 − t, and t 0 is the time coordinate on the singularity curve r(x, t) = 0. Near the inner horizon of a ReissnerNordström black hole, the asymptotic solutions are r≈aζ b + c with b > 1, σ≈dlnζ + f , and ψ≈hζ j + ψ 0 , where ζ≡t − t s , and t s is the coordinate time t at the beginning of charge scattering.
(vi) Strong cosmic censorship conjecture.
On the Cauchy horizon of a Reissner-Nordström black hole, the predicability is violated. Based on first-order calculation, the inner (Cauchy) horizon appears unstable under perturbations [7] . Then it was conjectured that for generic asymptotically flat initial data, the maximal Cauchy development is future inextendible. In this paper, it was found that for weak scalar field perturbation, the inner (Cauchy) horizon only contracts to a nonzero value. This is also in agreement with the numerical work in Ref. [29] and the mathematical proof in Ref. [9] . Therefore, one needs to reconsider the validity of the strong cosmic censorship.
(vii) Inside vs outside black holes: local vs global.
Throughout the whole spacetime of stationary Schwarzschild and Reissner-Nordström black holes, the Misner-Sharp mass function is equal to the black hole mass. For a gravitational collapsing system, at asymptotic flat regions, the mass function describes the total mass of the dynamical system. However, in this system, near the central singularity of a Schwarzschild black hole or near the inner horizon of a Reissner-Nordström black hole, the dynamics is local. Then the mass function does not provide global information on the mass of the collapsing system.
In summary, in this paper, we studied neutral scalar collapse, neutral scattering, and charge scattering. Regarding charge scattering, for convenience and intuitiveness, Kruskal-like coordinates were used, and initial conditions were set up to be close to those in a ReissnerNordström geometry. Mass inflation was also found to happen near the central singularity in neutral scalar collapse. Approximate analytic solutions for mass inflation were partially obtained. Connections between Schwarzschild black holes, Reissner-Nordström black holes, neutral collapse, neutral scattering, and charge scattering were explored.
This implies that the definition of mass function (46) for a Schwarzschild black hole is valid throughout the spacetime of the black hole, inside and outside the horizon, and also in the vicinity of the central singularity, g µν r ,µ r ,ν = e 2σ (−r 2 ,t + r 2 ,x )≡1 − 2m r .
In other words, the Misner-Sharp mass function is equal to the black hole mass everywhere.
